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Let G = (V, E) be a simple graph. Denote by D(G) the diagonal ma-
trix of its vertex degrees and by A(G) its adjacencymatrix. Then the
LaplacianmatrixofG is L(G) = D(G) − A(G)and the signless Lapla-
cian matrix of G is Q(G) = D(G) + A(G). In this paper we obtain a
lower bound on the second largest signless Laplacian eigenvalue
and an upper bound on the smallest signless Laplacian eigenvalue
of G. In [5], Cvetkovic´ et al. have given a series of 30 conjectures on
Laplacian eigenvalues and signless Laplacian eigenvalues of G (see
also [1]). Here we prove ﬁve conjectures.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Throughout the paper we consider only simple graphs, herein called just graphs. Let G = (V, E)
be a graph on vertex set V = {1, 2, . . . , n} and edge set E = E(G). Also let di be the degree of vertex
i for i = 1, 2, . . . , n. The average of the degrees of the vertices adjacent to vertex i is denoted by mi
and the average degree d of G is deﬁned as d = 1
n
∑n
i=1 di. The minimum vertex degree is denoted by
δ, the maximum by Δ1 and the second maximum by Δ2. Assuming that the degrees are ordered as
d1  d2  · · · dn, thenΔ1 = d1 andΔ2 = d2. LetNi be the neighbor set of the vertex i ∈ V . If vertices
i and j are adjacent, we denote that by i ∼ j. The adjacency matrix A(G) of G is deﬁned by its entries
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aij = 1 if i ∼ j and 0 otherwise. Let D(G) be the diagonal matrix of vertex degrees. Then the Laplacian
matrix of G is L(G) = D(G) − A(G). Let μ1 μ2  · · ·μn−1 μn = 0 denote the eigenvalues of
L(G). They are usually called the Laplacian eigenvalues of G. Among all eigenvalues of the Laplacian of
a graph, the most studied is the second smallest, called the algebraic connectivity of a graph. It is well
known that a graph is connected if and only if a = μn−1 > 0. Besides the algebraic connectivity,μ1 is
the invariant that interested thegraph theorists. The spectral graph theorists are increasingly interested
in the largest eigenvalueμ1 of L(G) and this interest is mainly due to the numerous applications ofμ1
[12,13,18,19,31]. The matrix L(G) is well studied by several authors [3,7–14,17,21–25,27,30,32].
The signless Laplacianmatrix of G is Q(G) = D(G) + A(G). Let q1  q2  · · · qn denote the eigen-
values of Q(G). They are usually called the signless Laplacian eigenvalues of G. When more than one
graph is under discussion, we may write qi(G) instead of qi. The matrix Q(G) seems to be less well
known. The matrix Q(G) is well studied by several authors [1–6,8,15,26,29,34,35,32].
G is a complete p-partite graph if there is a partition V1 ∪ V2 ∪ · · · ∪ Vp = V(G) of the vertex set,
such that i ∼ j if and only if i and j are in different parts of the partition. If |Vk| = nk , then G is denoted
by Kn1 ,n2 ,...,np . The signless Laplacian spectrum of Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
is
⎛
⎜⎜⎝2δ, δ, δ, . . . , δ︸ ︷︷ ︸
p(n−δ−1)
, (n − δ)(p − 2), (n − δ)(p − 2), . . . , (n − δ)(p − 2)︸ ︷︷ ︸
p−1
⎞
⎟⎟⎠ ,
where δ is the degree of each vertex in Kn−δ,n−δ,...,n−δ . As usual, Kn and K1,n−1 denote respectively the
complete graph and the star on n vertices. A pendant vertex is a vertex of degree one. In [5], Cvetkovic´
et al. gave the following conjectures involving algebraic connectivity, the largest signless Laplacian
eigenvalue and the second largest signless Laplacian eigenvalue of G (see also [1]).
Conjecture 1 [5]. If G is a connected graph on n 7 vertices with average degree d, then
q2 − d−1
with equality holding if and only if G∼= Kn.
Conjecture 2 [5]. If G is a connected graph on n 7 vertices with minimum degree δ, then
−1 q2 − δ  n − 3
with equality holding if and only if G∼= Kn for the lower bound, and if and only if G∼= Kn−1 + e for the
upper bound, where Kn−1 + e is the graph obtained from Kn−1 by adding a pendant vertex.
Conjecture 3 [5]. If G is a connected graph and not complete of order n( 9) and algebraic connectivity
a. Then
q2  a.
The bound is attained by the star K1,n−1, by the complement of a matching of n/2 edges and, if n is even,
by the complete bipartite graph K n
2
, n
2
.
Conjecture 3 was proved in [6]. The question of equality remains unsolved.
Conjecture 4 [5]. If G is a connected graph of order n 4, then
q1 − q2  n
with equality holding if and only if G∼= Kn.
3020 K.Ch. Das / Linear Algebra and its Applications 432 (2010) 3018–3029
Conjecture 5 [5]. Let T be a tree of order n( 4). Then
q1 − q2  n − 1
with equality holding if and only if T ∼= K1,n−1.
The paper is organized as follows. In Section 2, we give a list of some previously known results. In
Section 3, we present a lower bound on the second largest signless Laplacian eigenvalue of a graph.
In Section 4, we obtain an upper bound on the smallest signless Laplacian eigenvalue of a graph. In
Section 5, we give proofs of Conjectures 1–5.
2. Preliminaries
In this section, we shall list some previously known results that will be needed in the next three
sections.
Lemma 2.1 [28]. Let A be a p × p symmetric matrix and let Ak be its leading k × k submatrix; that is, Ak
is the matrix obtained from A by deleting its last p − k rows and columns. Then, for i = 1, 2, . . . , k,
λp−i+1(A) λk−i+1(Ak) λk−i+1(A), (1)
where λi(A) is the ith largest eigenvalue of A.
Lemma 2.2 [33]. If A is a symmetric n × n matrix with eigenvalues λ1  λ2  · · · λn then for any X ∈
Rn (X /= 0),
XTAX  λnXTX. (2)
Equality holds if and only if X is an eigenvector of A corresponding to the smallest eigenvalue λn.
Lemma 2.3 [24]. Let G be a graph on n vertices which has at least one edge. Then
μ1 Δ1 + 1. (3)
Moreover, if G is connected, then the equality holds in (3) if and only if Δ1 = n − 1.
Lemma 2.4 [10]. Let T be a tree with n > 2 vertices. Then
μ2 
{
Δ2 if i ∼ j,
Δ2+1+
√
(Δ2+1)2−4
2
if i j,
where i and j are the maximum and second maximum degree vertices.
Lemma 2.5 [8]. Let G be a connected graph. Then
q1 max
i∈V {di + mi}, (4)
where di is the degree of vertex i and mi is the average of the degrees of the adjacent vertices of vertex i.
Moreover, the equality holds in (4) if and only if G is a regular graph or G is a bipartite semiregular graph.
Corollary 2.6. Let G be a connected graph on n vertices with maximum degree and the second maximum
degree Δ1 and Δ2, respectively. Then
q1 Δ1 + Δ2 (5)
with equality holding in (5) if and only if G is a regular graph or G∼= K1,n−1.
Proof. The proof follows directly from Lemma 2.5. 
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Lemma 2.7 [24]. Let G be a graph with Laplacian spectrum {0 = μn,μn−1, . . . ,μ2,μ1}. Then the Lapla-
cian spectrum of G is {0, n − μ1, n − μ2, . . . , n − μn−2, n − μn−1}, where G is the complement of the
graph G.
Lemma 2.8 [16]. Let G be a graph with G /= Kn. Then
μn−1  δ. (6)
Lemma 2.9 [20]. Let G be a graph of n vertices and let H be a subgraph of G obtained by deleting an edge
in G. Then
q1(G) q1(H) q2(G) q2(H) q3(G) · · · qn−1(G) qn−1(H) qn(G) qn(H) 0,
where qi(F) is the ith largest signless Laplacian eigenvalue of the graph F.
Lemma 2.10 [4]. Let G be a graph with smallest signless Laplacian eigenvalue qn. Then qn = 0 if and only
if G is a bipartite graph.
3. Lower bound on the second largest signless Laplacian eigenvalue of a graph
In this sectionwe ﬁnd a lower bound on the second largest signless Laplacian eigenvalue of a graph.
Theorem 3.1. Let G be a graph. Then
q2 
Δ1 + Δ2 −
√
(Δ1 − Δ2)2 + 4
2
. (7)
Proof. Let vertex 1 andvertex 2be themaximumdegree vertex of degreeΔ1 and the secondmaximum
degree vertex of degree Δ2, respectively. We consider two cases: (i) 1 2, (ii) 1 ∼ 2.
Case (i): 1 2. By Lemma 2.1, we have q1  q′1 and q2  q′2, where q′1 and q′2 are given by∣∣∣∣Δ1 − q 00 Δ2 − q
∣∣∣∣ = 0.
So, q1 Δ1 and q2 Δ2.
Case (ii): 1 ∼ 2. By Lemma 2.1, we have q1  q′1 and q2  q′2, where q′1 and q′2 are given by∣∣∣∣Δ1 − q 11 Δ2 − q
∣∣∣∣ = 0.
So,
q1 
Δ1 + Δ2 +
√
(Δ1 − Δ2)2 + 4
2
, and q2 
Δ1 + Δ2 −
√
(Δ1 − Δ2)2 + 4
2
.
Since
Δ1+Δ2−
√
(Δ1−Δ2)2+4
2
Δ2, we get the required result (7). 
Corollary 3.2. Let G be a graph with second maximum degree Δ2. Then
q2 Δ2 − 1. (8)
If q2 = Δ2 − 1, then the maximum and the second maximum degree vertices are adjacent andΔ1 = Δ2.
Proof. We have to show that
Δ1 + Δ2 −
√
(Δ1 − Δ2)2 + 4
2
Δ2 − 1, (9)
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that is,
(Δ1 − Δ2 + 2)2 (Δ1 − Δ2)2 + 4,
that is,
Δ1 − Δ2  0,
which, evidently, is always obeyed. Thus we get the required result (8), by Theorem 3.1. Moreover, the
equality holds in (9) if and only if Δ1 = Δ2.
Second Part: Since q2 = Δ2 − 1, we must have
q2 =
Δ1 + Δ2 −
√
(Δ1 − Δ2)2 + 4
2
= Δ2 − 1.
If maximum and second maximum degree vertices are not adjacent, then q2 Δ2, a contradiction,
by Case (i) in Theorem 3.1. This completes the proof. 
Corollary 3.3. Let G be a graph of order n with second maximum degree Δ2. If Δ2 = n − 1, then
q2 = n − 2.
Proof. ByCorollary 3.2, q2  n − 2. Since the second largest signless Laplacian eigenvalue for complete
graph Kn is n − 2, by Lemma 2.9, we get the required result. 
4. Upper bound on the smallest signless Laplacian eigenvalue of a graph
Now we obtain an upper bound on the smallest signless Laplacian eigenvalue of a graph.
Theorem 4.1. Let G be connected graph of order n. Then
qn < δ.
Proof. Let X = (x1, x2, . . . , xn)T be an any vector in Rn. Then XTX = ∑ni=1 x2i and XTQ(G)X = ∑i∼j
(xi + xj)2. By (2), we have
qn 
∑
i∼j(xi + xj)2∑n
i=1 x2i
. (10)
PuttingX = (0, 0, . . . , 0, 1) in (10), we get that qn  δ.We can see easily thatX = (0, 0, . . . , 0, 1) is not
an eigenvector corresponding to eigenvalue qn for connected graph G. Hence the theorem is proved.

Corollary 4.2. Let G be a connected non-bipartite graph with signless Laplacian integral spectrum. Then
G does not have any pendant vertex.
Proof. First suppose that G has a pendant vertex. Then by Theorem 4.1, qn < 1. Since G is a connected
non-bipartite graph, qn > 0, by Lemma2.10. So, 0 < qn < 1, a contradiction asG has integer spectrum.
Hence the result. 
Corollary 4.3. Let G be a connected graph with clique number ω. Also, suppose that qn + 2 = ω. Then
di ω − 1, for all i.
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Proof. Since qn + 2 = ω, qn is an integer. By Theorem 4.1, we get
qn  δ − 1, i.e., qn + 2 δ + 1, i.e., ω δ + 1,
which gives the required result. 
Here we give another upper bound on the smallest signless Laplacian eigenvalue of a graph.
Theorem 4.4. Let G be a connected graph of order n. Also, let two adjacent vertices i of degree di and j of
degree dj be such that Ni\{j} /= Nj\{i}. Then
qn <
di + dj − 2
2
.
Proof. Putting X = (0, 0, . . . , 0, 1︸︷︷︸
ith
, 0, . . . , 0, −1︸︷︷︸
jth
, 0, . . . , 0) in (10), we get
qn 
di + dj − 2
2
.
SincewehaveNi\{j} /= Nj\{i}, thenonecanseeeasily thatX = (0, 0, . . . , 0, 1︸︷︷︸
ith
, 0, . . . , 0, −1︸︷︷︸
jth
, 0, . . . , 0)
is not an eigenvector corresponding to eigenvalue qn for connected graph G. Hence the theorem is
proved. 
Corollary 4.5. Let G be a connected r-regular graph. Then
qn  r − 1
with equality holding if and only if G∼= Kn.
Proof. For the completegraphKn, the signless Laplacian spectrumis {2n − 2, n − 2, n − 2, . . . , n − 2}.
So qn = r − 1 holds for the complete graph Kn. If G is a regular graph but not complete graph, then
there exists two adjacent vertices i and j such that Ni\{j} /= Nj\{i}. By Theorem 4.4, we get
qn < r − 1.
Hence the result. 
5. On conjectures involving second largest signless Laplacian eigenvalue of graphs
In this section we give the proofs of Conjectures 1–5.
Theorem 5.1. Let G be a connected graph of order n with second largest signless Laplacian eigenvalue q2.
Then
q2 − d−1, (11)
where d is the average degree in G. Moreover, the equality holds in (11) if and only if G∼= Kn.
Proof. If G is a complete graph Kn, then q2 = n − 2 and hence the equality holds in (11). Otherwise,
G /= Kn. We have
d =
∑n
i=1 di
n

Δ1 + (n − 1)Δ2
n
. (12)
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From (7) and (12), we get
q2 − d 
Δ1 + Δ2 −
√
(Δ1 − Δ2)2 + 4
2
− Δ1 + (n − 1)Δ2
n
(13)
= −1 + (n − 2)(Δ1 − Δ2) + 2n − n
√
(Δ1 − Δ2)2 + 4
2n
. (14)
Now we have to show that
(n − 2)(Δ1 − Δ2) + 2n n
√
(Δ1 − Δ2)2 + 4,
that is,
(n − 2)2(Δ1 − Δ2)2 + 4n2 + 4n(n − 2)(Δ1 − Δ2) n2(Δ1 − Δ2)2 + 4n2,
that is,
n(n − 2)(Δ1 − Δ2) − (n − 1)(Δ1 − Δ2)2  0,
that is,
(Δ1 − Δ2) (n(n − 2 − Δ1 + Δ2) + (Δ1 − Δ2)) 0, (15)
which, evidently, is always obeyed. Using above result in (14) we get the required result (11).
Now suppose that the equality holds in (11). Then all inequalities in the above argument must be
equalities. From equality in (15), we get Δ1 = Δ2. From equality in (12), we get Δ2 = δ, where δ is
the minimum degree in G. Thus d1 = d2 = · · · = dn = Δ1 = δ, that is, G is a δ-regular graph. Since
G /= Kn, we can assume that there are two vertices that are not adjacent and using Case (i) in Theorem
3.1, we get q2  δ and hence q2 − d 0, a contradiction. This completes the proof of the theorem. 
Theorem 5.2. Let G be a connected graph of order n with second largest signless Laplacian eigenvalue q2.
Then
q2 − δ −1. (16)
Moreover, the equality holds in (16) if and only if G∼= Kn.
Proof. Since δ  d, from Theorem 5.1,−1 q2 − d q2 − δ. Furthermore, if q2 − δ = −1, q2 − d =−1 and by Theorem 5.1, G∼= Kn. Conversely, if G∼= Kn, then q2 = n − 2 and the equality in (16)
holds. 
Recall that a kiteKin,ω is the graph obtained froma complete graph Kω and a path Pn−ω by adding an
edge between a vertex from the complete graph and an endpoint from the path.Wehave q2(Kin,n−1) =
n − 2.
Theorem 5.3. Let G be a connected graph of order n(>2)with second largest signless Laplacian eigenvalue
q2. Then
q2 − δ  n − 3. (17)
Moreover, the equality holds in (17) if and only if G∼= Kin,n−1.
Proof. Since the second largest signless Laplacian eigenvalue of complete graph Kn is n − 2, by Lemma
2.9,
q2  n − 2,
that is,
q2  n − 3 + δ as δ  1.
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which gives the required result (17). Now suppose that the equality holds in (17). Then all inequalities
in the above argument must be equalities. So we have q2 = n − 2 and δ = 1. Now we have
q2(G) = n − 2 > n − 3 = q2(Kn−1).
Fromabovewe conclude thatG is a super graph of Kn−1. SinceG is connected and hasminimumdegree
δ = 1, we must have G∼= Kin,n−1.
Conversely, one can easily see that the equality holds in (17) for Kin,n−1. 
Conjecture 3 was proved in [5], but the question of equality remains unsolved. Here we solve this
question. For completeness we give the proof of Conjecture 3. For this we need the following Lemmas
5.4–5.6.
Lemma 5.4. Let Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
(n − δ  3) be a complete p-partite graph (p 2) of order n,
where δ is the degree of each vertex. Also let K+
n − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
be a graph of order n, obtained from
Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
by adding an edge. If q2 is the second largest signless Laplacian eigenvalue of
K
+
n − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
of order n, then
q2 > δ.
Proof. Suppose that vertex 1 and vertex 2 are themaximumand the secondmaximumdegree vertices
in K
+
n − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
, respectively. Then we must have 1 ∼ 2, by the deﬁnition of
K
+
n − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
. By Lemma 2.1, we have q1  q′1, and q2  q′2, where q′1 and q′2 are the largest
two eigenvalues of the following equation:∣∣∣∣∣∣∣∣
δ + 1 − q′ 1 0 1
1 δ + 1 − q′ 0 1
0 0 δ − q′ 1
1 1 1 δ − q′
∣∣∣∣∣∣∣∣ = 0, as n − δ  3,
that is,
(δ − q′)[(δ − q′)3 + 2(δ − q′)2 − 3(δ − q′) − 2] = 0.
Let us consider the function
f (q′) = (δ − q′)3 + 2(δ − q′)2 − 3(δ − q′) − 2.
Now f (x) → −∞ as x → ∞, f (δ + 2) = 4 > 0 and f (δ) = −2 < 0. Thus we have δ < q′2 <
δ + 2 and hence q2 > δ. The proof is complete. 
Lemma 5.5. Let K1,n − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p−1
(n − δ  3) be a complete p-partite graph (p 4) of order n,
where δ is the degree of each vertex except the maximum. Then
q2 > δ.
Proof. By Lemma 2.1, we have q1  q′1, and q2  q′2, where q′1 and q′2 are the largest two eigenvalues of
the following equation:
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∣∣∣∣∣∣∣∣
n − 1 − q′ 1 1 1
1 δ − q′ 1 1
1 1 δ − q′ 1
1 1 1 δ − q′
∣∣∣∣∣∣∣∣ = 0, as p 4,
that is,
q′ = n + δ + 1 +
√
(n − δ − 3)2 + 12
2
,
n + δ + 1 −
√
(n − δ − 3)2 + 12
2
, δ − 1, δ − 1.
Now we have to show that
(n − δ − 3)2 + 12 < (n − δ + 1)2,
that is,
n − δ > 2.5,
which, evidently, is always obeyed.
Using above result, we get
q2  q′2 =
n + δ + 1 −
√
(n − δ − 3)2 + 12
2
> δ.
The proof is complete. 
Lemma 5.6. Let K1,n−δ,n−δ (n − δ  4) be a complete 3-partite graph of order n, where δ is the degree of
each vertex except the maximum. Then
q2 > δ.
Proof. By Lemma 2.1, we have q1  q′1, and q2  q′2, where q′1 and q′2 are the largest two eigenvalues of
the following equation:∣∣∣∣∣∣∣∣
n − 1 − q′ 1 1 1
1 δ − q′ 0 1
1 0 δ − q′ 1
1 1 1 δ − q′
∣∣∣∣∣∣∣∣ = 0, as n − δ  4 and p = 3,
that is,
(q′ − δ)[q′3 − (n + 2δ − 1)q′2 + (2nδ + δ2 − 2δ − 5)q′ − (nδ2 − δ2 − 3δ − 2n + 6)] = 0.
Let us consider the function
g(q′) = q′3 − (n + 2δ − 1)q′2 + (2nδ + δ2 − 2δ − 5)q′ − (nδ2 − δ2 − 3δ − 2n + 6).
Now g(x) → ∞ as x → ∞, g(δ + 2) = −2(n − δ + 2) < 0 and g(δ) = 2(n − δ − 3) > 0 as
n − δ  4. Thus we have δ < q′2 < δ + 2 and hence q2 > δ. The proof is complete. 
Theorem 5.7. Let G be a connected graph of order n(4) with G /= Kn. Also let q2 be the second largest
signless Laplacian eigenvalue of graph G. Then
q2  a, (18)
where a is the algebraic connectivity. Moreover, the equality holds in (18) if and only if G∼= K1,n−1 or
G is isomorphic to a complete 3-partite graph K1,3,3 or G is isomorphic to a complete p-partite graph
Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
, n − δ  2 or G is isomorphic to a complete (k + t)-partite graph
K1, 1, . . . , 1︸ ︷︷ ︸
k
,2, 2, . . . , 2︸ ︷︷ ︸
t
, n = 2t + k, t  1, k 1.
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Proof. Let vertex 1 and vertex 2 be the maximum degree vertex and the second maximum degree
vertex of degree Δ1 and Δ2, respectively. By Lemma 2.8 and Corollary 3.2, we have
q2 − aΔ2 − δ − 1 as G /= Kn.
If Δ2  δ + 1, then from above we get the required result (18). Otherwise, Δ2 = δ. Since n 4 and
G /= Kn, then there exists two nonadjacent vertices of degreeΔ2, and using Case (i) of Theorem 3.1 we
get
q2 Δ2.
Thus
q2 Δ2 = δ  a.
First part of the proof is over.
Now suppose that the equality holds in (18). Then all inequalities in the above argument must be
equalities. So we must have a = δ. We consider the complement graph G of G. The maximum vertex
degree is denoted by 1 and the minimum by δ in G. Then 1 = n − δ − 1 and δ = n − Δ1 − 1. Let
μ′1 μ′2  · · ·μ′n = 0 be the Laplacian eigenvalues of G. By Lemma 2.7, μ′1 = n − δ. Now suppose
that G is connected graph. Since μ′1 = 1 + 1, by Lemma 2.3, we get 1 = n − δ − 1 = n − 1, that
is, δ = a = 0, a contradiction. Thus G is disconnected graph. Let Gi, i = 1, 2, . . . , p, be the connected
components in G. We consider two cases (i) Δ2 = δ, (ii) Δ2 = δ + 1.
Case (i): Δ2 = δ. In this case q2 = Δ2 = δ = a. Thus vertex degrees in G are
n − δ − 1, . . . , n − δ − 1︸ ︷︷ ︸
n−1
, n − Δ1 − 1. If Δ1 = δ, then all the vertices are of degree n − δ − 1 in G.
Since μ′1 = n − δ, by Lemma 2.3, we conclude that each connected components are complete graph
Kn−δ in G, that is, G∼= Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
, n − δ  2 as G /= Kn. Otherwise, Δ1 /= δ. So, all the
vertices are of degree n − δ − 1 except minimum degree vertex of degree n − Δ1 − 1 in G. Again
since μ′1 = n − δ, by Lemma 2.3, we conclude that one connected component is K1 and all other
connected components are Kn−δ in G. Since G /= Kn, n − δ  2 and we must have G∼= K1,n−1(p = 2)
or G∼= K1,3,3 (p = 3) or G∼= K1,2, 2, . . . , 2︸ ︷︷ ︸
p−1
(p 3), by Lemmas 5.5 and 5.6.
Case (ii): Δ2 = δ + 1. In this case q2 = Δ2 − 1 = δ = a. From q2 = Δ2 − 1, we have maximum
and the secondmaximumdegree vertices are adjacent inG andΔ1 = Δ2, by Corollary 3.2. The second
minimum vertex degree is denoted by δ1 = n − Δ1 − 1 in G. First we assume that G does not contain
any isolated vertex. We have minimum and the second minimum degree vertices are nonadjacent,
that is, two vertices of degree n − δ − 2 are nonadjacent in G and δ = δ1 = n − δ − 2 1. Also
we have 1 = δ + 1 = n − δ − 1 and μ′ = n − δ in G. By Lemma 2.3 and using above results we
conclude that each connected component is either the complete graph Kn−δ or Kn−δ − e, but at least
one connected component is Kn−δ − e inG, where Kn−δ − e is the graph of order n − δ, obtained from
Kn−δ by deleting an edge. Hence G is a strictly super graph of Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
, n − δ  3. By
Lemmas 2.9 and 5.4, we get q2 > δ, a contradiction. So, G contains isolated vertices. Let the number
of isolated vertices in G be k. Thus we must have k 2 as δ = δ1. Since 1 = δ + 1 = 1, we have
all the non-isolated vertices are pendant vertices. Since G /= Kn, we must have G is isomorphic to
K2 ∪ K2 ∪ · · · ∪ K2︸ ︷︷ ︸
t
∪ K1 ∪ K1 ∪ · · · ∪ K1︸ ︷︷ ︸
k
, where n = 2t + k, t  1, k 2, that is, G is isomorphic to a
complete (k + t)-partite graph K1, 1, . . . , 1︸ ︷︷ ︸
k
,2, 2, . . . , 2︸ ︷︷ ︸
t
, n = 2t + k, t  1, k 2.
Conversely, let G be isomorphic to star K1,n−1. Then q2 = a = 1 holds.
Let G be isomorphic to a complete 3-partite graph K1,3,3. Then q2 = 4 = a holds.
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Let G be isomorphic to a complete p-partite graph Kn − δ, n − δ, . . . , n − δ︸ ︷︷ ︸
p
, n − δ  2. Then q2 =
a = δ holds.
Let G be isomorphic to a complete (k + t)-partite graph K1, 1, . . . , 1︸ ︷︷ ︸
k
,2, 2, . . . , 2︸ ︷︷ ︸
t
, n = 2t + k, t  1,
k 1. Since t  1, we have two vertices of degree n − 2 in the same partite set. Using Lemma 2.1, we
get q2  n − 2. Since q2  n − 2, we must have q2 = n − 2 = a.
Hence the theorem. 
Theorem 5.8. Let G be a connected graph of order n. Then
q1 − q2  n (19)
with equality holding if and only if G∼= Kn.
Proof. By Corollaries 2.6 and 3.2, we have
q1 − q2 Δ1 + 1 n.
Now suppose that the equality holds in (19). Then all inequalities in the above argument must be
equalities. So we must have G is a regular graph or G∼= K1,n−1, by Corollary 2.6. Now, q2 = Δ2 − 1
implies that Δ1 = Δ2, by Corollary 3.2. Also we have Δ1 = n − 1. Hence G∼= Kn. Conversely, one can
easily see that the equality holds in (19) for complete graph Kn. 
Theorem 5.9. Let T be a tree of order n( 4). Then
q1 − q2  n − 1 (20)
with equality holding if and only if G∼= K1,n−1.
Proof. Suppose vertex 1 and vertex 2 are the maximum degree vertex and the second maximum
degree vertex in T . When 1 ∼ 2, we have q2 = μ2 Δ2, by Lemma 2.4. Thus
q1 − q2 Δ1  n − 1, by Corollary 2.6.
When1 2,we have q2 = μ2 > Δ2, by Lemma2.4. Similarly as abovewe get q1 − q2 < Δ1  n −
1. First part of the proof is over.
Now suppose that the equality holds in (20). Then we must have 1 ∼ 2. By Corollary 2.6, we get G
is a regular graph or G∼= K1,n−1. Also we have q2 = Δ2 and Δ1 = n − 1. Since T is a tree, T ∼= K1,n−1.
Conversely, one can easily see that the equality holds in (20) for the star K1,n−1. 
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